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Electromagnetic media with generic linear response provide a rich class of Lorentz violation mod-
els. In the framework of a general covariant metric-free approach, we study electromagnetic wave
propagation in these media. We define the notion of an optic tensor and present its unique canoni-
cal irreducible decomposition into the principle and skewon parts. The skewon contribution to the
Minkowski vacuum is a subject that does not arise in the ordinary models of Lorentz violation based
on a modified Lagrangian. We derive the covector parametrization of the skewon optic tensor and
discuss its U(1)-gauge symmetry. We obtain several compact expressions for the contribution of
the principle and skewon optic tensor to the dispersion relation. As an application of the technique
proposed here, we consider the case of a generic skewon tensor contributed to a simple metric-type
principle part. Our main result: Every solution of the skewon modified Minkowski dispersion rela-
tion is necessary spacelike or null. It provides an extreme violation of the Lorentz symmetry. The
case of the antisymmetric skewon is studied in detail and some new special cases (electric, mag-
netic, and degenerate) are discovered. In the case of a skewon represented by a symmetric matrix,
we observe a parametric gap that has some similarity to the Higgs model. We worked out a set
of specific examples that justify the generic properties of the skewon models and demonstrate the
different types of the Lorentz violation phenomena.
PACS numbers: 03.50.De, 41.20.Jb, 04.20.Gz
I. INTRODUCTION
As it is well known, the plain wave solution of the
Maxwell electrodynamics system yields the dispersion re-
lation ω2−k2 = 0, which is the characteristic expression
of Minkowski geometry. Propagation of electromagnetic
waves on a curved manifold of GR is governed by the
dispersion relation of a similar form gijqiqj = 0, where
qi = (ω,k) is a wave covector. From this basic expres-
sion of the pseudo-Riemann geometry one immediately
derives that GR does not modify the point-wise light cone
structure.
On the other hand, modern field theories usually pre-
dict crucial modifications of the light cone structure ex-
pressed by an anisotropic dispersion relation, a birefrin-
gent vacuum and a violation of local Lorentz and CPT
invariance. Such theoretical phenomena emerge in loop
quantum gravity [1], [2], string theory [3], [4] and the
Very Special Relativity models [5], [6]. Since these mod-
els are still very far from their complete form and obser-
vational predictions, it is very important to have a phe-
nomenological model that predicts the indicated optics
phenomena.
A well known achievement in this direction is the stan-
dard model extension (SME) construction due to Kost-
elecky and al. [7], [8], [9], [10]. In the electromagnetic
sector of this construction, one starts with a covariant
extension of the electromagnetic Lagrangian involving a
set of numerical parameters. the resulting field equations
indeed yield solutions with breaking CPT symmetry and
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birefringence. However, the individual terms in the La-
grangian, apart from their covariance property, remain
without a clear physical meaning.
Another approach is based on a generalization of Rie-
mann geometry to a generic Finsler geometry. (See [11],
[12] for theoretical description, and [13], [14], and [15]
for observable effects analysis.) Since Finslerian geome-
try is anisotropic from its very definition, the modified
dispersion relation with CPT-violation and birefringence
naturally emerges in this construction. What is unclear,
however, is the physical reason for the Finslerian mod-
ification of space-time structure. Moreover, the Finsler
geometry of the Lorentz type signature has serious prob-
lems with its very definition, that have not been resolved
yet, see [16], [17].
In this paper we study an alternative approach inspired
by ideas from solid state physics. It is well known that the
original formulation of Maxwell’s electrodynamics and
GR uses the medium analogy to a considerable extent. It
is rather natural to expect that solid state analogies may
be useful for the modern modifications of GR and other
field theories. It should be taken into account that clas-
sical GR is dealing only with a relatively simple second
order metric tensor while solid state physics (elasticity
and electromagnetism) uses tensors of a higher order. In
modified field theory models, higher order tensors appear
in a natural way.
Electromagnetic wave propagation in media is a classi-
cal issue of mathematical physics. The standard presen-
tation of this subject, e.g., [18], [19], [20], [21], is essen-
tially non-relativistic (3-dimensional). Usually textbooks
restrict themselves to an isotropic medium characterized
by two scalar parameters ε and µ or to an anisotropic
medium described by two symmetric 3× 3 matrices εαβ
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2and µαβ . It is clear, however, that a proper description
of wave propagation must be presented in terms of 4-
dimensional tensorial quantities defined on space-time.
This is mainly due to the fact that the very existence of
wave propagation should be independent of a motion of
an observer.
Furthermore, the propagation of waves in an aniso-
tropic medium must be described by the medium pa-
rameters. It is not directly connected to the vacuum
Minkowski metric. Thus the description of the electro-
magnetic wave phenomena must be independent of the
metric structure of the space-time. It is well known, [22],
[23], [24], [25], that such a metric-free description of clas-
sical electromagnetism is admissible. In this generic for-
malism, vacuum electrodynamics on a flat space-time and
even on a curved space-time of general relativity is pre-
sented as specially simple cases. Recent investigations
established the metric-free electrodynamics as a logically
complete construction based on the conservation laws for
the electric charge, the magnetic flux, and the energy-
momentum current. For details, see [26] and the refer-
ences given therein.
One of the valuable achievements of this construction
is the proof that the most general linear electromagnetic
medium is characterized by a set of 36 independent pa-
rameters that form a 4-th order pseudo-tensor χijkl. This
replaces the set of 12 material parameters given by two
6-parametric sets, εαβ and µαβ , in the classical represen-
tation. Due to the standard group theory paradigm, the
pseudo-tensor χijkl is decomposed into three independent
pieces: (i) The principal part (1)χijkl with 20 independent
components; (ii) The skewon part (2)χijkl with 15 inde-
pendent components; (iii) The axion part (3)χijkl with
1 component. These pieces are unique, canonical, and
irreducible under the action of the general linear group
GL(4,R). The principle part, (1)χijkl, comes as a covari-
ant extension of the classical set of 12 components of the
3-dimensional tensors εαβ and µαβ . The other two parts,
the skewon (2)χijkl and the axion (3)χijkl, do not have
classical analogs.
The current paper is devoted to the theoretical de-
scription of wave propagation in a generic linear response
medium. Our aim is to understand the possible new
physical phenomena coming from the additional electro-
magnetic parameters. Recently there has been consider-
able progress in this area, [27], [28], [29], [30], [32], [33],
[34], [35], [37], [38], [41], [42], [44]. Here we are interested
mostly in the skewon effects on the light cone structure.
It must be noted that skewon does not contribute to the
electromagnetic Lagrangian, thus such effects cannot be
appear in Kostelecky’s construction nor in Finsler space
schemes.
The organization of the paper is as follows: In Section
2, we introduce our basic notations and present the inte-
gral Maxwell equations and jump conditions in a metric-
free form. We discuss the linear constitutive relation.
The decomposition of the constitutive tensor is based on
the technique Young diagrams. It proves that the decom-
position is irreducible and unique (canonical). In Section
3, we give a generic definition of the wave-type solutions
and present the dispersion relation for these solutions.
The characteristic system is derived from the jump con-
ditions. We show that it is completely described by a
Christoffel-type tensor M ij which is a close analog of the
acoustic Christoffel 3D-matrix. We provide a decompo-
sition of M ij into two independent optic tensors P ij and
Qij defined by the principal and the skewon part corre-
spondingly. Moreover, the show that skewon part Qij is
of the form qiYj − qjYi. Thus the covector Yi completely
describes skewon effects. In Section 4, the dispersion re-
lation in terms of the tensors P ij and Qij is derived. We
are able to express the whole contribution of the skewon
to the light cone structure in one compact term, which
thus allows a qualitative analysis. Section 5 is devoted
to an analysis of the skewon effects on the wave prop-
agation in a (pseudo)Riemannian vacuum. In particu-
lar, we prove that an arbitrary skewon extends the light
cone and thus yields superluminal wave propagation. In
section 6 we study the special case of an antisymmetric
skewon. We reinstate the known fact that the Fresnel
surface separates into two surfaces. We prove that both
surfaces have the Lorentz signature and can thus serve as
light cones. Moreover we show that for an antisymmet-
ric skewon these cones always intersect along two optic
axes. The variety of mutual arrangements is still rich.
In particular, we identify the electric, magnetic and de-
generate types of antisymmetric skewon. Section 7 deals
with the case of the symmetric skewon. We show that
in this case wave propagation does not exist for small
values of the skewon parameters and reappears only for
sufficient big values of the skewon. This behavior is sim-
ilar to the one exhibited by the Higgs model in particle
physics. We describe different parametrizations of the
symmetric skewon that can be characterized by the rank
of a corresponding matrix. Explicit examples are pro-
vided. In the concluding section, we discuss our results
and their possible extensions. Some technical details are
delayed to the Appendix.
II. A COVARIANT DESCRIPTION OF
ELECTROMAGNETISM IN ANISOTROPIC
MEDIA
A. Maxwell’s system
Our goal is to study wave propagation in an electro-
magnetic medium with a generic local linear response.
Vacuum can be considered as a specific type of a unique
”medium” completely characterized by the metric ten-
sor. In contrast, different types of real anisotropic media,
be characterized each by their own sets of parameters,
may present simultaneously in the same problem. We
must, for instance, often deal with two media separated
by a thin boundary. In phenomenological models, such a
boundary is described by a smooth 2-dimensional surface
3which either stationary or moving in 3-dimensional space.
In the 4-dimensional space-time representation, the sta-
tionary or moving boundaries are described in the same
fashion as smooth 3-dimensional hypersurfaces. In such
a situation, some components of the field necessary have
a jump through the boundary surface. Thus, the electro-
magnetic field in media is, in general, non-differentiable
and the ordinarily used partial differential field equations
are not directly applicable. Quite similarly, the non-
differentiable fields emerge in geometrical optics at the
wave fronts even in the vacuum case.
A well known precise mathematical way to deal with
such non-differentiable fields is to consider the integral
field equations instead of the differential ones. The most
natural objects for integration on a differential manifold
are differential forms. From their very definition, the
differential forms are correlated to the dimension of the
integration domain, thus they provide a covariant formu-
lation of physics laws. For instance, in terms of differen-
tial forms, the integral Maxwell equations are given in a
compact covariant form∫
M2
F = 0 ,
∫
N2
H =
∫
N3
J . (2.1)
Here F is the even (untwisted) 2-form of field strength,
while H is the odd (twisted) 2-form of excitation, J is the
odd 3-form of electric current. The integration domain
M2 is a smooth closed 2-dimensional surface, while N3
is a smooth 3-dimensional oriented hyper-surface with
a smooth boundary N2 = ∂N3. The case of non-smooth
domains is sometimes also useful for physics applications.
There an extension of the formulation given in Eqs.(2.1)
can be provided by a limiting procedure. In this paper,
we restrict ourselves to the case of smooth integration
domains.
Eqs.(2.1) have a clear physical interpretation. In par-
ticular, the first equation represents the conservation law
of the magnetic flux. The second equation of (2.1) may
be viewed as a consequence of the electric current con-
servation law. For the details of such an interpretation,
see [26].
B. Covariant jump conditions and wavefront
In order to derive the wave-front conditions, we apply
the covariant jump conditions, [42], that are a conse-
quence of the integral Maxwell equations (2.1). Consider
an arbitrary smooth non-degenerate hypersurface Σ in
space-time. Let its implicit description be given by the
equation
ϕ(xi) = 0 . (2.2)
Thus, at an arbitrary point of Σ, the covector qi =
∂ϕ/∂xi is assumed to be well-defined and non-zero. Here
and in the sequel, the Roman indices take values in the
range {0, 1, 2, 3}. We define two limit values
F± = lim
ε→0
F (xi)
∣∣
ϕ(xi)=±ε . (2.3)
The jump
[
F
]
of the field strength F at the hypersurface
Σ is defined as the difference of these two values[
F
]
= F+ − F− . (2.4)
A similar definition holds for the jump
[
H
]
of the exci-
tation H.
In the source-free case, the jump conditions are given
by the following covariant and metric-free equations:[
F
] ∧ dϕ = 0 , [H] ∧ dϕ = 0 . (2.5)
These equations are straightforward consequences of the
integral field equations (2.1) provided the sources do not
enter the region. The tensorial form of Eqs.(2.5) read as
εijkl
[
Fjk
]
ϕ,l = 0 ,
[
Hij
]
ϕ,j = 0 . (2.6)
Here εijkl is the permutation pseudotensor normalized by
ε0123 = 1.
Since the jump conditions (2.5,2.6) are metric-free,
they can be used for a wide class of applications. The
hyper-surface Σ may represent:
(1) A Cauchy initial surface that is ordinarily required
to be time-like.
(2) A boundary surface that separates two different me-
dia. It is ordinarily represented by a space-like hy-
persurface.
(3) A wavefront that emerges in 4-dimensional geomet-
rical optics as a light-like hypersurface.
The covariant boundary surface problem was studied
in [31] and [42]. In particular, when the space-time de-
composition of the fields F and H is applied and the fields
are assumed to be independent of the time coordinate,
Eqs.(2.5) yield the standard boundary conditions for the
3-dimensional fields E,B,D andH. In the current paper,
we are dealing with electromagnetic wave propagation,
i.e., with the wavefront problems.
C. Constitutive pseudotensor
Eqs.(2.1) present only the formal structure of electro-
magnetism. They are endowed with a physical content
only when a constitutive relation between the fields H
and F is postulated. In general, such a relation can
be non-linear and even non-local (as in ferromagnet-
ics). In this paper, we consider the simplest but rather
widespread case of a linear, local constitutive relation:
Hij =
1
2
χijklFkl . (2.7)
4Due to its definition, the constitutive pseudotensor χijkl
possess the symmetries
χijkl = −χjikl = −χijlk . (2.8)
Hence, in 4-dimensional space, χijkl has 36 independent
components. In general, the constitutive pseudotensor is
a field that depends of the point on the manifold.
A useful way to deal with a multi-component tensor,
such as χijkl, is to decompose it into the sum of simpler
independent sub-tensors with fewer components. Natu-
rally, these parts must themselves be tensors of the same
rank. Moreover, it is preferable for this decomposition to
be a unique and irreducible. In this case, to the partial
sub-tensors might be endowed with independent physi-
cal meaning. So, we are are looking for a decomposition
of a 4-rank tensor defined on 4-dimensional space-time.
Moreover, we must take into account that χijkl is not a
general 4-th order tensor, it carries its original symme-
tries (2.8). In other words, the tensor χijkl itself consti-
tutes a subspace of a generic tensor space. Consequently
we need a decomposition of an invariant subspace into
the direct sum of its invariant (sub)subspaces. A com-
mon way to derive such a decomposition is to apply the
Young diagram technique. A brief account of this sub-
ject is given in [56]. Note that a generic 4-rank tensor
(without additional symmetries) is canonically decom-
posed into five sub-tensors. An important fact that these
partial tensors are yet reducible. Their successive decom-
position is irreducible but not canonical and thus non-
unique. The situation is changed drastically when we
decompose a tensor with additional symmetries. First,
the Littlewood-Richardson rule restricts the number of
the relevant Young’s diagrams. In our case, there are
only three different types of diagrams
⊗ = ⊕ ⊕ . (2.9)
The dimensions of the subspaces depicted in the diagrams
(2.9) are 20, 15, and 1, correspondingly. It proves that
there is a unique decomposition of the set of the compo-
nents
36 = 20 + 15 + 1 . (2.10)
Inasmuch as there are no invariant subspaces of smaller
dimensions, the canonical decomposition of the consti-
tutive pseudotensor into three pieces is unique and irre-
ducible.
Following [26], we denote the decomposition depicted
in (2.9) as
χijkl = (1)χijkl + (2)χijkl + (3)χijkl . (2.11)
Here the axion part (3)χijkl is represented by the third
diagram of (2.9). It represents the complete antisym-
metrization of χijkl in all its four indices. This pseu-
dotensor has only one independent component. Conse-
quently it can be represented by a pseudoscalar α,
(3)χijkl = χ[ijkl] = αεijkl . (2.12)
Such pseudoscalar is a rather popular object in particle
physics. Note that in the current setting axion appears
rather naturally and is not artificially added.
The skewon part (2)χijkl of 15 independent components
corresponds to the middle diagram of (2.9). It is ex-
pressed as
(2)χijkl =
1
2
(
χijkl − χklij) . (2.13)
The principal part of 20 independent components cor-
responds to the first diagram of (2.9). It is expressed
as
(1)χijkl =
1
6
(
2χijkl+2χklij−χiklj−χljik−χiljk−χjkil
)
.
(2.14)
It is now straightforward to check that the sum of the
terms (2.12), (2.13), and (2.14) is equal to the initial ten-
sor χijkl. A derivation of the expressions (2.12), (2.13),
and (2.14) can be done by the Young diagram technique.
The result is equivalent to the derivation based on the
6 × 6 representation [26]. Group theoretical considera-
tions provide a proof that this decomposition is canoni-
cal, unique and irreducible under the action of the general
linear group.
III. OPTICS TENSORS
Our goal is to study the propagation of electromagnetic
waves in a medium with a generic constitutive pseudoten-
sor χijkl. Particularly, we are interested in the contribu-
tions of the irreducible parts (1)χijkl, (2)χijkl and (3)χijkl
to the shape of the Fresnel surface and to the correspond-
ing light cone structure. In order to have a description
that is valid for an arbitrary observer, we are looking for
a covariant formulation.
A. Generalized wavefront and characteristic system
We need a covariant description of the electromagnetic
wave in media. Usually a wave is represented by a plane
wave ansatz or by its generalization in series, see [43],
[44] for a modern review of this non-covariant approach.
Instead, we will apply the following covariant description
that is similar to what is given in [45] and[46].
Definition 1: A generalized electromagnetic wave is
a set of the solutions, F and H, of Maxwell’s system
(2.1)that are non-zero on one side of some hypresurface
ϕ(xi) = 0 and zero on its other side.
With this definition, the generic jump conditions (2.5)
take the form of the wavefront conditions
F ∧ dϕ = 0 , H ∧ dϕ = 0 . (3.1)
5In tensorial representation with the wave covector defined
as qi = ∂ϕ/∂x
i, they read
εijklFjkql = 0 , H
ijqj = 0 . (3.2)
The hypersurface ϕ(xi) = 0 appearing in Definition 1 is
referred to as a wavefront.
An explicit expression of the wavefront is determined
from the uniqueness and existence conditions for the so-
lutions of (3.2). When the linear constitutive relation
(2.7) is substituted here we obtain
εijklqjFkl = 0 , χ
ijklqjFkl = 0 . (3.3)
This is linear system of 8 equations for 6 independent
variables, the components of the tensor Fkl. However it
is only formally overdetermined. Indeed, there are two
linear identities between the equations. When the left
hand sides of (3.3) are multiplied by qi they vanish iden-
tically due to the symmetries (2.8).
How can we deal with this formally overdetermined
system? Often one substitutes the constraints into (3.3)
and end up with a well defined system of 6 independent
equations of 6 independent variables. Note that the field
Fkl is a measurable quantity, and is thus certain kind
unique. Therefore an existence and uniqueness theorem
must hold: (i) For existence, the 6×6 determinant of the
matrix of the coefficients must be equal to zero. (ii) For
uniqueness, this determinant must be non-trivial. Thus
one comes to the 6× 6 determinant and correspondingly
to a characteristic equation that is of the six order in
q. This straightforward procedure explicitly violates the
covariance of the system. So a more precise question is:
How can we deal with the overdetermined system (3.3)
without violating its covariance?
In order to have a covariant derivation, we start with
the first equation of (3.3). Its most general solution is of
the form
Fkl =
1
2
(akql − alqk) (3.4)
with an arbitrary covector ak. In fact, ak can be viewed
as an algebraic analog of the standard electromagnetic
potential. Substituting (3.4) into the second equation of
(3.3) we obtain the characteristic system
M ikak = 0 , (3.5)
where the characteristic matrix is
M ik = χijklqjql . (3.6)
Eq.(3.5) is a linear system of 4 covariant equations for
the 4 components of the covector ak. Now we face a new
problem: Since the relations
M ikqk = 0 and M
ikqi = 0 (3.7)
hold identically for the matrix defined in (3.6), they
can be treated as linear relations between the rows and
columns of the matrix Mik. Consequently the system
(3.5) is undetermined. This was to be expected since,
in contrast to Fij , the potential ak is an unmeasurable
quantity. Consequently the solutions of (3.5) cannot be
unique. As shown in [37], the relations (3.7) correspond
to the physical principles – gauge invariance and charge
conservation of our system. Thus, in order to preserve
the gauge invariance and the covariance of the charac-
teristic system, we must proceed with an undetermined
characteristic system and with a singular characteristic
matrix M ik.
B. Two optic tensors
The electromagnetic wave propagation is now de-
scribed by a linear characteristic system M ikqk = 0.
In particular, it is completely determined by the matrix
M ik. This matrix is an analog of the acoustic (Christof-
fel) 3 × 3 matrix which is used to describe the acoustic
wave propagation in linear elasticity. We will refer to
M ik as the optic tensor.
Substituting the irreducible decomposition (2.11) into
Eq.(3.6), we obtain
M ik = (1)χijklqjql +
(2)χijklqjql +
(3)χijklqjql . (3.8)
The last term here is a contraction of symmetric and
skew-symmetric matrices, thus it vanishes identically
(3)χijklqjql = αε
ijklqjql ≡ 0 . (3.9)
Consequently the axion part (3)χijkl does not contribute
to the wave propagation. This fact does not contradicts
the known results about axion modification of the disper-
sion relation [47]. In fact, the axion contribution emerges
only in the higher order approximation [48], [49], [50]. In
this paper we restrict ourselves to the standard geomet-
ric optics approximation that does not take the axion
contributions into account.
The two other terms on the right hand side of Eq.(3.8)
are in general non-zero. Consequently, the optic matrix
is irreducibly decomposed into the sum of two terms
M ik = P ik +Qik . (3.10)
Here, the principle optic tensor P ik and the skewon optic
tensor Qik are defined as
P ik = (1)χijklqjql , Q
ik = (2)χijklqjql . (3.11)
Let us list some basic properties of these two tensors:
(1) Symmetry: The principle optic tensor P ik is sym-
metric while the skewon optic tensor Qik is anti-
symmetric:
P ik = P ki , Qik = −Qki . (3.12)
6(2) Linear relations: Since the partial pseudo-tensors
(1)χijkl and (2)χijkl preserve the symmetries of the
original pseudo-tensor χijkl, the linear relations of
the type (3.7) hold also for the matrices P ik and
Qik, i.e.,
P ikqk = 0 , and Q
ikqk = 0 . (3.13)
(3) Determinants: Due to the linear relations between
the columns of the matrices, we have,
det(P ) ≡ 0 , and det(Q) ≡ 0 . (3.14)
It is in addition to the relation det(M) ≡ 0.
(4) Adjoint of the skewon optics tensor: In order to
have a non-trivial (non-zero) expression for the ad-
joint matrix, the rank of the original 4 × 4-matrix
must be equal to 3. But the rank of an arbitrary
antisymmetric matrix is even. Thus our skewon
matrix satisfies
adj(Q) ≡ 0 . (3.15)
We will see in the sequel, that this fact yields that the ske-
won part alone does not provide a non-trivial dispersion
relation. Thus skewon can serve only as a supplement to
the principle part.
C. Skewon optics covector
Since the skewon part of the constitutive tensor con-
tributes to the wave propagation only via the antisym-
metric tensor Qij , it has a simpler representation, which
we now derive
We start with the relation
Qijqj = 0 . (3.16)
It is convenient to define an auxiliary tensor
Qˇij =
1
2
εijmkQ
mk , thus Qpq = −1
2
εijpqQˇij . (3.17)
In this notations, Eq.(3.16) takes the form
εijpqQˇijqp = 0 . (3.18)
This equation is somewhat simpler to deal with than
(3.16) because it has exactly the same form as the first
equation of the Maxwell system (3.3). Hence the most
general solution of (3.18) can be written in the form of
(3.4),
Qˇij = Yiqj − Yjqi (3.19)
with an arbitrary covector Yi. We will refer to Yi as the
skewon optic covector. Let us list its basic properties:
(1) Since Qˇij is quadratic in qi, the components of Yi
are the first order homogeneous functions of qi;
(2) Yi is a covector density, because Qˇij is a tensor
density;
(3) Due to (3.19), Yi is defined only up to an arbitrary
addition of the wave covector qi. So we have here
a type of a gauge symmetry which is similar to the
ordinary gauge symmetry of the Maxwell system;
(4) An additional gauge fixing condition on Yi can be
applied.
Substituting (3.19) into Eq.(3.17) we obtain
Qij = −1
2
εijrs(Yrqs − Ysqr) . (3.20)
Using the skew-symmetry, this expression can be rewrit-
ten finally as
Qij = εijklqkYl . (3.21)
D. Skewon in matrix representation
Due to the gauge symmetry, the covector Yi can be
expressed as
Yi = Si
jqj + θqi (3.22)
with an arbitrary scalar θ that represents the gauge free-
dom. We observe that in this representation the ten-
sor Si
j and the scalar θ must be zero order homoge-
neous functions of the wave covector qk. Without loss
of generality we can assume the tensor Si
j to be trace-
less, Si
i = 0, because its trace can be absorbed into the
scalar θ. Like a traceless quadratic matrix, the skewon
has 15 independent components. A representation of the
skewon by a traceless mixed tensor was derived in [26],
(2)χijkl = εijmkSm
l − εijmlSmk . (3.23)
Let us check that this expression meets exactly our defi-
nition (3.22). When we substitute (3.23) into Eq.(3.11),
the skewon optic tensor becomes
Qik =(2) χijklqjql = ε
ijmkSm
lqjql . (3.24)
Rearranging the indices we can rewrite this as
Qij = εijklqk (Sl
mqm) . (3.25)
Compare Eq.(3.25) with the definition of the skewon cov-
ector (3.21). In the brackets of (3.25), we recognize (up
to the θ-factor) the covector Yi as it appears in Eq.(3.22).
Thus the tensor Si
j turns out to be independent of q. Al-
ternatively, the scalar θ remains an arbitrary zero order
homogeneous functions of qk. Different choices of θ repre-
sent different gauge conditions. In the sequel, we will see
that the Lorenz-type gauge condition for the covector Yi
requires a non-zero and even non-regular scalar function
θ.
7IV. DISPERSION RELATION
A. Covariant dispersion relation
In order to have a non-trivial solution ak of the char-
acteristic system
M ik(q)ak = 0 . (4.1)
the components of the wave covector qi must satisfy cer-
tain consistent relation. This dispersion relation is a
polynomial algebraic equation with the coefficients de-
pending on the media parameters. Usually an equation
of the form (4.1) is consistent (has non-trivial solutions)
when the relation det(M) = 0 holds. The electromag-
netic system, however, is a singular one, so its determi-
nant vanishes identically. This fact is due to the gauge
invariance of the system. Indeed, al ∼ ql is a solution
of Eq.(4.1) that does not contribute to the electromag-
netic field strength, so it is unphysical. Hence, the system
(4.1) accepts a physical meaning, only if it has at least
two linearly independent solutions – one for gauge free-
dom and one for physics. We recall a known fact from
linear algebra: A linear system has two (or more) lin-
early independent solutions if and only if the rank of its
matrix M ij is of 2 (or less). It means that the adjoint of
the matrix M ij must be equal to zero. Recall that the
adjoint matrix is constructed from the cofactors of M ij .
Thus, in electromagnetism, as well as in an arbi-
trary U(1)-gauge invariant system, existence of physi-
cally meaningful solutions of a system M ik(q)ak = 0 re-
quires
adj(M) = 0 . (4.2)
The standard expression of the 4-th order adjoint matrix
Aij = adj(M) is of the form
Aij =
1
3!
εii1i2i3εjj1j2j3M
i1j1M i2j2M i3j3 . (4.3)
Consequently the dispersion relation reads
εii1i2i3εjj1j2j3M
i1j1M i2j2M i3j3 = 0 . (4.4)
The condition (4.4) is somewhat unusual because it is
given in a matrix form. However, we have here only
one independent condition. Indeed, we can observe the
following algebraic fact, see [37] for a proof. Let an n×n
matrix M ij satisfies M ijqi = 0 and M
ijqj = 0 for some
n-covector qi 6= 0. Then its adjoint matrix Aij = adj(M)
is proportional to the tensor product of the covectors qi,
Aij = λ(q)qiqj , (4.5)
where λ(q) is a polynomial of q.
Thus (4.4) reads as
λ(q)qiqj = 0 . (4.6)
Since qi is non-zero, the dispersion relation takes the or-
dinary scalar form
λ(q) = 0 . (4.7)
From (4.3) it follows that the scalar function λ(q) is a 4-th
order homogeneous polynomial of the wave covector qi.
It means that, for an arbitrary linear response medium,
there are at most two independent quadratic wave cones
at every points of the space. This non-trivial physical
fact was previously observed in [26].
Observe that in a widely used non-covariant treatment
of the characteristic system (4.1), see, for instance, [43]),
one obtains instead of (4.7) the equation of the form
ω2λ(q) = 0. In an addition to two light cones men-
tioned above, this equation has a degenerate solution
qi = (0, k1, k2, k3), called zero frequency electromagnetic
wave. In our covariant description, as well as in [26], this
unpleasant solutions are absent. Thus the problem how
to interpret or how to remove the zero frequency waves
is not emerges in our approach at all.
For different explicit forms of the coefficients of the
quartic form λ(q) called Tamm-Rubilar tensor, see [26],
[27], [36], [37]. To our opinion, it is more convenient
to work with the generic form adj(M) = 0 for qualita-
tive analysis and even for explicit calculations. We will
demonstrate it in the sequel.
B. Skewon part of the dispersion relation
We discuss now how the skewon part contributes to
the dispersion relation. Substituting the decomposition
of the optic tensor M ij = P ij+Qij into Eq.(4.3) we have
Aij =
1
3!
εii1i2i3εjj1j2j3
(
P i1j1P i2j2P i3j3 +
3P i1j1Qi2j2Qi3j3 + 3P i1j1P i2j2Qi3j3 +
Qi1j1Qi2j2Qi3j3
)
. (4.8)
The left hand side of this equation is a symmetric matrix,
thus the antisymmetric matrices in its right hand side
must vanish. Indeed, we can check straightforward that
the identities
εii1i2i3εjj1j2j3Q
i1j1Qi2j2Qi3j3 ≡ 0 , (4.9)
εii1i2i3εjj1j2j3P
i1j1P i2j2Qi3j3 ≡ 0 (4.10)
hold for an arbitrary symmetric matrix P and antisym-
metric matrix Q. Note that Eq.(4.9) represents the men-
tioned fact that the adjoint of an antisymmetric matrix
Q vanishes identically. Thus we remain in (4.8) with the
relation
λ(P,Q)qiqj =
1
3!
εii1i2i3εjj1j2j3
(
P i1j1P i2j2P i3j3 +
3P i1j1Qi2j2Qi3j3
)
= 0 . (4.11)
The first term in the right hand side is the adjoint of
the symmetric matrix P ij . Consequently, the dispersion
8relation takes the form
λ(P )qiqk+
1
2!
εii1i2i3εjj1j2j3P
i1j1Qi2j2Qi3j3 = 0 , (4.12)
where λ(P ) is the quartic form evaluated on the principle
part only. The second term of (4.12) is calculated in
Appendix. The result is surprisingly simple:
Proposition 1: For a most generic linear constitutive
pseudo-tensor χijkl, the dispersion relation reads
λ(P ) + P ijYiYj = 0 . (4.13)
Observe some immediate consequences of this formula:
(1) The skewon modification of the light cone is pro-
vided by a quadratic form P ijYiYj .
(2) Due to the identity P ijqi = 0, Eq.(4.13) is invari-
ant under a gauge transformation of the skewon
covector Yi → Yi + θqi.
(3) If there is a solution qi of Eq.(4.13) for which
Yi(q) ∼ qi, then λ(P ) = 0, i.e., the wave vector
qi lies on the non-modified light cone.
(4) If Yi(q) ∼ qi for all solutions of Eq.(4.13), then
the corresponding skewon does not modify the light
cone structure.
(5) If λ(P ) = 0 for all solutions of Eq.(4.13), then
simultaneously P ijYi(q)Yj(q) = 0 holds. In this
case we remain with a subset of the original (non-
skewon) light cone.
(6) For a non-trivial solution of the dispersion relation,
two scalar terms λ(P ) and P ijYi(q)Yj(q) must be
of opposite signs.
In order to analyze the contributions of the skewon part
to wave propagation, we restrict in the next section two
media with a simplest principal part.
V. SKEWON CONTRIBUTIONS TO THE
(PSEUDO) RIEMANNIAN VACUUM
Let the principal part be constructed from a generic
metric tensor of Euclidean or Minkowski signature. The
skewon part, however, let be of the most general form.
How, in this case, the skewon modifies the standard light
cone structure? An extensive analysis of this problem
was given by Obukhov and Hehl in [30]. Recently Ni [53]
provided an analysis of skewon effects on cosmic wave
propagation in the approximation of small skewon. In
[54], [55], some new generic facts about skewon contribu-
tion to Minkowski vacuum are presented. We will give a
detailed derivation analysis of these results.
A. Skewon field on a metric space
Consider a manifold endowed with a metric tensor gij .
For generality, we will not restrict to the Lorentz sig-
nature, even the Euclidean case does not have a direct
physical application. Let the principal part of the con-
stitutive pseudo-tensor be presented in the metric-type
form [26]
(1)χijkl =
√
|g| (gikgjl − gilgjk) . (5.1)
For simplicity, we assume the units for which the dimen-
sion factor in (5.1) is neglected, i.e., the constitutive ten-
sor χijkl is dimensionless. Recall that in SI-system the
left hand side of (5.1) comes with an additional factor
λ0 =
√
ε0/µ0, see [26] for the details.
From (5.1), the principal optic tensor reads
P ik =
√
|g| (gikq2 − qiqk) . (5.2)
Here the indices are raised by the metric gik, i.e.,
qi = gijqj , q
2 = gijqiqj . (5.3)
First we calculate the adjoint (4.7) of the symmetric ma-
trix (5.2). It takes the form
λ(P )qiqj=
1
3!
εii1i2i3εjj1j2j3q
4gi2j2gi3j3
(
q2gi1j1− 3qi1qj1) .
(5.4)
Using the standard identities for contraction of the ε-
symbols with the metric tensor, we obtain in (5.4)
λ(P )qiqj = sgn(g)
√
|g|q4qiqj . (5.5)
Thus the principle part contribution to the dispersion
function reads
λ(P ) = sgn(g)
√
|g|q4 . (5.6)
The contribution of the skewon part follows straightfor-
ward from (5.1)
P ijYiYj =
√
|g| (Y 2q2 − (Y, q)2) . (5.7)
where the scalar product is defined by the use of the met-
ric, (q, Y ) = gijYiqj . Substituting into (4.13) we remain
with
λ =
√
|g| (sgn(g)q4 + Y 2q2 − (Y, q)2) . (5.8)
Thus we proved the following
Proposition 2: The dispersion relation for the most
generic skewon media in the (pseudo) Riemannian vac-
uum is represented as
sgn(g)q4 + Y 2q2 − (Y, q)2 = 0 . (5.9)
9B. Lorenz-type gauge
The dispersion relation (5.9) may be given even in a
more simpler form. Since the covector Yi is defined only
up to an arbitrary addition of the covector qi, we can
apply an arbitrary scalar gauge condition. On a space
endowed with a metric it can be used in a form similar
to the Lorenz gauge condition
(Y, q) = gijYiqj = 0 . (5.10)
Note that this condition is applicable for an arbitrary
signature of the metric tensor, even it is usually used
for the Lorentz metric. With this expression at hand,
the dispersion relation may be used in the form of the
following system
sgn(g)q4 + q2Y 2 = 0 and (q, Y ) = 0 . (5.11)
Let us analyze how the gauge condition (5.10) can be
realized on a metric space. If a solution qi of Eq.(5.9)
satisfies the relation q2 = 0, then relation (5.10) is a
direct consequence of Eq.(5.9) for an arbitrary covector
Y . Let now qi be a non-light solution of Eq.(5.9), i.e.,
q2 6= 0. As in (3.22), we consider a generic expression of
the covector Y in terms of the tensor S
Yi = Si
jqj + θqi . (5.12)
Recall that Si
j is independent of q, while the scalar θ
can be an arbitrary function of qi. Its values correspond
to different choices of the gauge condition. Multiplying
both sides of (5.12) by q and requiring (5.10) we obtain
(Y, q) = Sijqiqj + θq
2 = 0 . (5.13)
Consequently, for q2 6= 0,
θ = −S
mnqmqn
q2
. (5.14)
Thus for q2 6= 0, the optic covector is expressed in the
Lorenz-type gauge as
Yi = Si
jqj − S
mnqmqn
q2
qi . (5.15)
Consequently, the Lorenz-type condition (Y, q) = 0 may
be applied for an arbitrary tensor Si
j and for an arbitrary
wave covector qi.
C. Euclidean signature
For a positive signature of the metric, the dispersion
relation in (5.11) takes the form
q4 + Y 2q2 = 0 . (5.16)
Both terms in (5.16) are nonnegative. Consequently any
solution of (5.16) must satisfy q2 = 0. For the Euclidean
metric, this yields the unique trivial solution, qi = 0. The
gauge condition (q, Y ) = 0 also holds. Thus we come to
the following conclusion:
Proposition 3: For a Euclidean signature metric
space endowed with an arbitrary skewon, the dispersion
relation has the unique trivial solution, qi = 0.
Thus an arbitrary skewon part cannot modify the ellip-
tic character of the Euclidean metric. Wave propagation
was forbidden in an Euclidean signature model and it re-
mains forbidden even when an arbitrary skewon field is
”switched on”.
D. Lorentz signature
Also for a negative signature of the metric, it is more
convenient to use the dispersion relation in the Lorenz
gauge. Thus we are dealing with the system
q4 = Y 2q2 and (Y, q) = 0 . (5.17)
In order to analyze its solutions, we first observe that the
left hand side of the first equation is nonnegative, q4 ≥ 0.
If q2 6= 0, then it follows that Y 2q2 > 0. Thus the factors
q2 and Y 2 have the same sign. This means that the cov-
ectors Yi and qi must be both timelike or both spacelike.
But two timelike covectors cannot be orthonormal, as re-
quired by the second equation of (5.17). Consequently,
if qi 6= 0, the covectors Yi and qi must be both spacelike.
So we proved the following
Proposition 4: In the Lorentz signature metric space,
the solution of the skewon modified dispersion relation
can be spacelike or null,
q2 ≤ 0 . (5.18)
In other words, an arbitrary skewon widens the light
cone. Thus the skewon contribution to a generic pseudo-
Riemannian vacuum media increases the light velocity.
VI. ANTISYMMETRIC SKEWON
Up to now our qualitative consideration did not as-
sume any specific form of skewon. We will now consider
some explicit examples of electromagnetic wave propaga-
tion in skewon media. For certain special cases, a detailed
analysis was provided in [30]. We will study how these
results are embedded in our formalism and how they can
be extended. We will also discuss the results of the ap-
proximated analysis provided recently by Ni, [53].
A simplest way to construct a skewon is to start with
an arbitrary traceless tensor Si
j which is completely
equivalent to (2)χijkl. On a space endowed with a metric
tensor gij , the mixed tensor Si
j can be replaced by the
covariant and contravariant tensors
Sij = gikSk
j , and Sij = gjkSi
k . (6.1)
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Note that these two tensors depend not only of the ske-
won itself but also of the metric. One advantage of the
tensors (6.1) is that they can be invariantly decomposed
into symmetric and skew-symmetric parts. Since these
two parts do not mix under coordinate transformations,
they can be studied separately.
In this section we consider the case of a pure antisym-
metric skewon tensor
Sij = −Sji . (6.2)
A. Dispersion relation
We observe first that the antisymmetric skewon is, in
fact, a simplest type of a skewon. Indeed, the traceless
condition for such tensor holds identically,
Sijg
ij = 0 . (6.3)
Moreover,
Sijq
iqj = 0 . (6.4)
Then when the antisymmetric tensor is substituted into
Eq.(5.15), the non-regular term is canceled. Conse-
quently we can realize the Lorentz gauge condition
(Y, q) = 0 with a specially simple skewon covector Y
that is linear in the wave covector q
Yi = Sijq
j . (6.5)
We observe that the Lorentz gauge condition is satisfied
automatically. In the dispersion relation
q4 = q2Y 2 (6.6)
Y (q) is a polynomial now. Hence this equation is decom-
posed into two independent equations
q2 = 0 , or q2 = Y 2 . (6.7)
The later equation is given in an implicit form (recall that
Y is linear in q). Since Yi is a first order homogeneous
(even linear) function of qi, this equation represents an
algebraic cone.
The fact of splitting of the dispersion relation for the
antisymmetric skewon was derived in [30]. There, the de-
composition of the dispersion relation into two indepen-
dent equations was interpreted as the birefringence effect
known from crystal optics. This statement requires how-
ever a slightly more precise analysis. In particular, it is
not clear if the equation q2 = Y 2 has real solutions and if
these solutions represent an observable light cone. We
will discuss these questions in the following section.
B. Light-cone condition
In order to represent a light cone, Eq.(6.7) must have
non-zero real solutions. We will prove now that this is
indeed the case for an almost arbitrary antisymmetric
skewon.
Substituting (6.5) the equation q2 − Y 2 = 0 we derive
(gij − SimSjngmn) qiqj = 0 . (6.8)
It can be expressed in terms of an effective metric gˆij
gˆijq
iqj = 0 , (6.9)
where
gˆij = gij − SimSjngmn . (6.10)
On a four dimensional manifold, the metric gˆij can be:
(i) Euclidean with the signature (+,+,+,+),
(ii) Lorentzian with the signature (+,−,−,−),
(iii) of mixed type with the signature (+,+,−,−),
(iv) degenerate with det g = 0.
Only the Lorentz case provides a light cone. Observe that
on the 4-dimensional manifold, the metric has Lorentz
signature if and only if its determinant is negative. Con-
sequently we have a necessary condition for birefringence
det (gij − SimSjngmn) < 0 . (6.11)
This relation can be modified being multiplied by detgik.
Since g is a Lorentz signature metric, we obtain an equiv-
alent condition
det
(
δij + S
i
mS
m
j
)
> 0 . (6.12)
Note that in this form, the condition is independent of
the metric tensor and applicable in an even more generic
case.
Since the inequality (6.11) is pure algebraic, i.e., point-
wise, we can apply coordinate transformations to re-
place the metric gij by the flat Minkowski metric gij =
diag(1,−1,−1,−1). We use the standard ”electromag-
netic parametrization’ of the antisymmetric matrix
S01 = α1 , S02 = α2 , S03 = α3 , (6.13)
and
S23 = β1 , S13 = −β2 , S12 = β3 . (6.14)
With this parametrization, the effective metric takes the
form
11
gˆij =
 1 + α
2
1 + α
2
2 + α
2
3 α2β3 − α3β2 α3β1 − α1β3 α1β2 − α2β1
α2β3 − α3β2 −1 + β22 + β23 − α21 −α1α2 − β1β2 −α1α3 − β1β3
α3β1 − α1β3 −α1α2 − β1β2 −1 + β21 + β23 − α22 −α2α3 − β2β3
α1β2 − α2β1 −α1α3 − β1β3 −α2α3 − β2β3 −1 + β21 + β22 − α23
 (6.15)
We calculate the determinant of this matrix with the the
computer algebra package Reduce-Excalc, see [52]. The
result is surprisingly simple
det(gˆij) = −
[
(α · β)2 + (β2 − α2 − 1)]2 . (6.16)
Here the standard scalar product notations are used, (α ·
β) = α1β1 + α2β2 + α3β3, and α
2 = α21 + α
2
2 + α
2
3, and
similarly for β2. The following statement results from
Eq.(6.16).
Proposition 5: For an arbitrary antisymmetric ske-
won, the determinant of the effective metric is non-
positive. Thus, the equation q2 = Y 2 has non-zero real
solutions. In the case (α ·β)2 6= α2−β2 + 1, the effective
metric has Lorentz signature.
As a side result we derived a degenerate skewon with
the parameters (α · β)2 = α2 − β2 + 1. We will study it
in the sequence.
C. The form of the modified light cone
The solution q2 = 0 represents a perfect light cone. Us-
ing the standard notation qi = (ω, k1, k2, k3) we observe
its basic properties:
(1) The unique vertex is localized at the origin qi = 0;
(2) The symmetry axis is directed along the ω-axis;
(3) The timelike sections ω = const is a sphere with
full SO(3) symmetry.
What can be said in this context about the second cone
q2 = Y 2?
The origin point qi = 0 is evidently a solution of this
equation, because Yi is a 1-st order homogeneous polyno-
mial in qi. This fact also yields the algebraic cone struc-
ture: For every solution qi, the scaled covector Cqi is also
a solution. The only point that remains fixed under this
rescaling transformation is the origin qi = 0. Thus the
hypersurface is an algebraic cone with a unique vertex
localized at the origin.
In order to understand the position of the cone axis
we need the space-time decomposed form of the equation
q2 = Y 2. Using the effective metric (6.15) we derive
(1+α2)ω2+2ω (k · [α× β])−k2− (α ·k)2+(β×k)2 = 0 ,
(6.17)
where the vector (cross) and scalar (dot) products of 3-
vectors are used. We restrict our analysis of this algebraic
equation to two special cases.
For β = 0, we are left in (6.17) with
(1 + α2)ω2 = k2 + (α · k)2 . (6.18)
We observe that the right hand side of this equation is
non-negative. Consequently, for constant values of ω,
(6.18) represents a compact second order polynomial hy-
persurface. Thus it is an ellipsoid. Moreover, if (ω, k) is
a solution than (ω,−k) is also a solution. Thus the line
k = 0 is a symmetry axis of the cone.
For α = 0, Eq.(6.17) takes the form
ω2 − k2 + (β × k)2 = 0 . (6.19)
There are two possibilities:
If ||b|| ≤ 1, we rewrite Eq.(6.19) as
ω2 = (1− β2)k2 + (β · k)2 . (6.20)
The right hand side here is non-negative. In this case, all
sections of the surface with the constant ω are ellipsoids.
Here the symmetry axis of the cone is the line k = 0 as
usual.
If ||b|| > 1, we rewrite Eq. (6.19) as
ω2 + (β2 − 1)k2 = (β · k)2 . (6.21)
Now the left hand side is non-negative. Thus the sections
with the constant values of (β·k) are ellipsoids. Moreover,
the symmetry axis of the 3 dimensional cone is lying in
hyperplane (β · k), i.e., it is normal to the ω-axis.
In other words, we identify a new feature of this model:
The time and spatial axes are interchanged when the
parameter β2 crosses the value 1. It has some similarity
to the Schwarzschild solution in ordinal coordinates when
the time and radial axes interchange at the critical radius.
D. Degenerate skewon
Here we consider some special sets of skewon param-
eters which disregarded and which lead to degenerate
cases. The effective metric is singular when
det
(
δij + S
imSmj
)
= 0 . (6.22)
In parametric form, this equation becomes
(αβ)2 + β2 − α2 − 1 = 0 . (6.23)
Due to the Cauchy-Schwarz inequality, (αβ)2 ≤ α2β2,
this equation has real solution only if
β2 ≥ 1 . (6.24)
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We consider, for instance, a special solution of Eq.(6.23)
of the form
α = 0 , β2 = 1 . (6.25)
In this case, the effective metric (6.15) reads
gˆij =
 1 0 0 00 −β21 −β1β2 −β1β30 −β1β2 −β22 −β2β3
0 −β1β3 −β2β3 −β23
 . (6.26)
Consequently, the dispersion relation is given by
ω2 − (β1k1 + β2k2 + β3k3)2 = 0 , (6.27)
or, equivalently, by the two linear equations
w = ±(β1k1 + β2k2 + β3k3) . (6.28)
This linear dispersion relation must not be confused with
the ordinary linear dispersion in vacuum, which is of the
form w = k =
√
k21 + k
2
2 + k
2
3. In Eq.(6.28), we are left
with two hyperplanes instead of a hypercone. The ef-
fective velocity of the wave is not bounded on such a
”wavefront.” It means that this special case provides a
very hard violation of the special relativity principles.
E. Optic axes generated by an antisymmetric
skewon
When the degenerate case is excluded, we are left with
two perfect algebraic cones with the same vertex at the
origin. The mutual arrangement of these cones can how-
ever be of various topological types. Let us first study
whether these algebraic cones are intersect and what is
the set of their intersection.
We are looking for a non-zero solution of the system
q2 = 0 , and Y 2 = q2 . (6.29)
Due to homogeneity, every solution of Eq.(6.29) describes
a 2-dimensional plan in 4-dimensional space-time. The
spatial projection of this plan is a direction in which
a wave propagates without birefringence, i.e., the optic
axis. The system (6.23) is equivalent to
q2 = 0 , and Y 2 = 0 . (6.30)
With these simple equations at hand, we can prove the
following:
Proposition 6: In a pseudo-Riemannian manifold
endowed with an arbitrary antisymmetric skewon, the
wavefront has two separate optic axes.
Proof: In order to have a non-trivial solution of
system (6.29), both covectors Yi and qi must be light-
like relative to the basic metric gij . We recall that these
two covectors also must satisfy the gauge condition
(qY ) = 0 , (6.31)
i.e., they must be pseudo-orthonormal. It is well known,
see e.g. [51], that two light-like vectors are pseudo-
orthonormal if and only if they are proportional. Thus
the optic axis covector q must satisfy the system
q2 = 0 , and Yi(q) = mqi (6.32)
with some real parameter m. Let us derive the values
of the parameter m. In terms of the skewon tensor Sij ,
the equation Y = mq takes the form of an eigenvector
problem
(Sij −mgij)qj = 0 . (6.33)
This system has a non-trivial solution if and only if
det(Sij −mgij) = 0 . (6.34)
Every real eigenvalue m produces a real eigenvector qi of
Eq.(6.33). Moreover, distinct real eigenvalues correspond
to linear independent real eigenvectors. We observe also
that, due to the gauge relation (q, Y ) = 0, every cov-
ector corresponded to a non-zero eigenvalue m is neces-
sary light-like. Indeed, the equation Y = mq results into
mq2 = 0. Note that, in general, this is not correct for
m = 0. Thus we must give a special treatment of the
case of a zero eigenvalue.
We shall now derive the solutions of Eq.(6.34). Using
the ”electromagnetic parametrization” (6.13) we have
Sij −mgij =
 m α1 α2 α3−α1 −m β3 −β2−α2 −β3 −m β1
−α3 β2 −β1 −m
 . (6.35)
Calculating the determinant of this matrix we obtain the
characteristic equation
det (Sij −mgij) = m4+m2(β2−α2)−(αβ)4 = 0 . (6.36)
The discriminant of this biquadratic equation
(α2 − β2)2 + 4(αβ)4 ≥ 0 (6.37)
is non-negative for arbitrary non-zero values of the pa-
rameters α, β. Also we observe that the free term in
Eq.(6.36) is non-positive, −(αβ)4 ≤ 0. It means:
1) In the case (αβ) 6= 0, Eq.(6.36) has two real and
two purely imaginary conjugated solutions. The real so-
lutions are non-zero and expressed as
m = ±
(√
(α2 − β2)2 + 4(αβ)4 + α2 − β2
2
)1/2
.
(6.38)
With these two real distinct values of the parameter m 6=
0, we have two optic axes.
2) In the case
(αβ) = 0 , α2 > β2 , (6.39)
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Eq.(6.36) has four real solutions – two non-zero solutions
m = ±
√
α2 − β2 , (6.40)
and a zero solution m = 0 of multiplicity two. As we
already observed, every non-zero real eigenvalue m cor-
responds to an optic axis. The zero eigenvalue m = 0
does not correspond to any optic axis. It can be checked
by elementary explicit calculations that the conjunction
of (6.39) and (6.31) only has the trivial solution.
So we are left with two optic axes corresponding to the
eigenvalues given in Eq.(6.40).
3) We consider now the opposite case:
(αβ) = 0 , α2 < β2 . (6.41)
The two eigenvalues (6.40) are purely imaginary now,
and we are left with m = 0 of multiplicity two. Com-
paring with the previous case, we get now two real light-
like eigenvectors corresponding to the eigenvalue m = 0.
Namely, it is enough to chose q = (β, 0,
√
β2 − α2,±α).
Once more we have two optic axes.
4) In the last case,
(αβ) = 0 , α2 = β2 , (6.42)
there is only one eigenvalue m = 0 of multiplicity four.
It corresponds to two eigenvectors q = (β, 0, 0,±α), and
consequently there are again two optic axes.
Thus our proposition is proved. 
F. Illustrative examples of antisymmetric skewon
For almost arbitrary parameters of an antisymmetric
skewon we derived the existence of two wavefront sur-
faces, which are tangential one to another along two op-
tic axes. The mutual dispositions of these surfaces may
be of topologically different type. In order to identify
these topological types, we proceed with some explicit
examples.
1. Electric type skewon
Consider a skewon of pure ”electric type”
α = (α1, α2, α3) , and β = (0, 0, 0) . (6.43)
Here the effective metric (6.15) related to the extraordi-
nary light cone takes the form
gˆij =
 1 + α
2 0 0 0
0 −1− α21 −α1α2 −α1α3
0 −α1α2 −1− α22 −α2α3
0 −α1α3 −α2α3 −1− α23
 . (6.44)
The determinant of this metric,
det(gˆij) = −
(
α2 + 1
)2
, (6.45)
is strictly negative for all values of the parameters α.
The dispersion relation for the extraordinary wave,
gˆijq
iqj = 0, is
(1 + α2)ω2 = k2 + (α · k)2 . (6.46)
Since all terms in Eq.(6.46) are positive, all sections of
this 3-dimensional cone with constant values of ω are 2-
dimensional ellipsoids.
The optic covector reads
Yi = −
(
(α · k), α1ω, α2ω, α3ω
)
. (6.47)
The two optic axes are straightforward calculated now
from (6.32) with m = ±||α|| = ±
√
α21 + α
2
2 + α
2
3. We
have
qi = (±||α||, α1, α2, α3) . (6.48)
In Figs.1 and 2, we present different sections of two 3-
dimensional light cones.
Consequently, the antisymmetric skewon of pure ”elec-
tric type” provides a model of birefringent medium.
FIG. 1: Sections of the light cones generated by electric-type
skewon. In all cases, w = 1 and k3 = 0. Light cones cor-
respond to αi = (1, 0, 0), αi = (0, 1, 0), αi = (1, 1, 0), and
αi = (1,−1, 0), respectively.
2. Magnetic-type skewon
We consider now a skewon of a pure ”magnetic type”
parametrized by
α = (0, 0, 0) , and β = (β1, β2, β3) . (6.49)
14
FIG. 2: Sections of the light cones generated by an electric-
type skewon. Space images of the ordinary and extraordinary
light cones and wavefront ellipsoids are generated by the ske-
won with α = (1, 0, 0). Two axes are represented by the two
lines of intersection on the first graph and by the two points
of intersection on the second one.
In this case, the effective metrics (6.15) reads
gˆij =
 1 0 0 00 −1 + β22 + β23 −β1β2 −β1β30 −β1β2 −1 + β21 + β23 −β2β3
0 −β1β3 −β2β3 −1 + β21 + β22

(6.50)
The determinant of this metric is
det(gˆij) = −
(
β2 − 1)2 , (6.51)
where β2 = β21+β
2
2+β
2
3 . The determinant is non-positive
for all values of the parameter β and vanishes only for
|β| = 1. Consequently, for |β| 6= 1, Eq.(6.51) represents
a hypercone. For β2 = 1 the hypercone degenerates into
two hyperplanes.
Here the dispersion relation of the extraordinary wave
is
ω2 = (1− β2)k2 + (β · k)2 . (6.52)
From this equation, we conclude:
(1) For |β| < 1, the right hand side of this equation
is positive, thus a section with constant value of w
is a 2-dimensional ellipsoid. This is similar to the
ordinary case of birefringence. The extraordinary
wave has a velocity greater a speed of light and
depends on the spatial direction.
(2) For |β| = 1, Eq.(6.52) takes the form w = ±(β · k).
This is a pair of hyperplans. This is the degen-
erated case with a non-limiting velocity of the ex-
traordinary wave.
(3) For |β| > 1, Eq.(6.52) returns to be a hypercone.
Its central axis, however, lies in a spatial direction,
instead of the time direction.
In all cases, there are two optic axes given by the equa-
tions
q = (±||β||, β1, β2, β3) , (6.53)
where ||β|| =
√
β21 + β
2
2 + β
2
3 .
FIG. 3: Sections of the light cones generated by electric-type
skewon. In all cases, w = 1 and k3 = 0. Light cones cor-
respond to αi = (1, 0, 0), αi = (0, 1, 0), αi = (1, 1, 0), and
αi = (1,−1, 0), respectively. The optic axes are represented
by the lines of intersection of the cones.
Consequently, only for small values of the magnetic
type skewon parameters β < 1 the ordinary type of bire-
fringence emerges. Higher values of β yields a rather
pathological violation of Lorentz symmetry.
VII. SYMMETRIC SKEWON
When skewon is considered on a space endowed with a
metric tensor, a special symmetric traceless skewon can
be defined. In terms of the tensor Sij , it satisfies the
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FIG. 4: Sections of the light cones generated by the magnetic-
type skewon. Space images with k3 = 0 are generated by
the skewons βi = (1/2, 0, 0), βi = (1, 0, 0), βi = (2, 0, 0),
respectively. Two optic axes are represented by the two lines
of intersection.
relations Sij = Sji and S
i
i = 0. In a 4-dimensional
space, such a tensor has 9 independent components.
A. Parametric gap
Consider the dispersion relation for a generic skewon
in the form
q4 − q2Y 2 + (q, Y )2 = 0 . (7.1)
When the gauge condition θ = 0 is applied in (5.12),
every term in Eq.(7.1) is polynomial in the wave covector
q. Consequently we can consider a solution of Eq.(7.1)
in the form
q2 =
1
2
(
Y 2 ±
√
Y 4 − (q, Y )2
)
. (7.2)
The Lorentz square q2 must be real, consequently the
expression under the square root must be non-negative.
Recall that in the case of an antisymmetric matrix Sij ,
the term (q, Y ) was equal zero also in for the gauge θ = 0.
Thus the term under the square root was non-negative,
Y 4 ≥ 0, and there were two real solutions for the variable
q2. In the case of a symmetric skewon, the situation
changes crucially. Now both terms under the square root
are non-zero and the inequality
Y 4 − (q, Y )2 ≥ 0 (7.3)
must hold. Recall that the covector Y is linear in the
skewon matrix Sij . If we rescale this matrix, Sij → CSij ,
Eq.(7.3) takes the form
C2Y 4 − (q, Y )2 ≥ 0 . (7.4)
We observe that for small values of the parameter C, the
first term approaches zero and the inequality is broken.
In fact, the same is true even for a generic skewon since
the term (q, Y ) is proportional only to the symmetric
part of the skewon. Consequently, we proved, [55]
Proposition 7: Let the skewon have a non-zero sym-
metric part. For sufficient small nonzero magnitudes of
the skewon parameters the dispersion relation has no so-
lutions.
B. Vector parametrization
It is convenient to represent the tensor Sij in term of
vector fields [30]. We call such a representation a vector
parametrization. Let us consider a vector field vi. We
can write a symmetric traceless tensor in the form
Sij = vivj − 1
4
v2gij . (7.5)
Here the square of the vector v is defined by the metric
tensor, v2 = gijvivj . Certainly one cannot expect that
a generic 9-component tensor can be represented by 4
components of the vector vi. Thus (7.5) can be used
only as an example of a special symmetric skewon.
In [30], a symmetric skewon parametrized by two vec-
tor fields was considered.
Sij =
1
2
(uivj + ujvi)− 1
4
(u, v)gij . (7.6)
This tensor was treated as a skewon with 8 independent
components. In fact, the rescaling of the vector fields
u→ Cu, v → C−1v does not change the left hand side of
Eq.(7.6), thus the number of independent components is
at least equal to 7. The form of the ansatz (7.6) can be
modified by a reparametrization u = k+`, and v = k−`.
This way we arrive an equivalent ansatz
Sij =
(
kikj − 1
4
k2gij
)
−
(
`i`j − 1
4
`2gij
)
, (7.7)
that is more prone to generalization.
The ansatz (7.6) includes less independent components
than needed for a generic symmetric skewon. Let us try
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to consider an ansatz constructed from three null vector
fields k, l, and m and three real parameters A,B,C.
Sij = Akikj +B`i`j + Cmimj , (7.8)
such that
k2 = `2 = m2 = 0 . (7.9)
We observe that the tensor Sij in Eq.(7.8) is traceless.
Moreover, every null vector can be considered as having
3 independent components. Consequently, we can expect
to have all together 9 independent components as it must
be for a generic traceless symmetric matrix Sij . Unfortu-
nately, this skewon is not a most generic one. Indded, we
immediately observe the determinant of the tensor (7.8)
is equal to zero. In fact, for linearly independent vectors
k, `, and m, the rank of the matrix in Eq.(7.8) is equal to
three. It means that the ansatz (7.8) is not most generic
because it cannot describe a matrix Sij of the rank four.
Consequently we come to our final vector ansatz
Sij = Akikj +B`i`j + Cmimj +Dninj , (7.10)
with 4 real parameters A,B,C,D and 4 linearly indepen-
dent null vectors k, `,m, n such that
k2 = `2 = m2 = n2 = 0 . (7.11)
Due to these relations, the matrix Sij in Eq.(7.10) is
traceless. For linearly independent vectors k, `,m, n, the
determinant of the tensor in Eq.(7.10) is non-zero
detSij = ABCD (vol)
2 , (7.12)
where vol refers to the volume of the 4-dimensional par-
allelepiped determined by the vectors k, `,m, and n. Al-
though the positive values of the coefficients A,B,C,D
can be absorbed into the vectors, it is convenient to pre-
serve them in order to control the signs and the magni-
tude of the different contributions to the skewon field.
We assume that the vectors k, `,m, and n are linearly
independent. In the case of the non-zero coefficients
A,B,C,D, the rank of the matrix Sij is equal to 4. When
one of the coefficients is zero the rank is equal to 3, as
in ansatz (7.8). In the case, when two coefficients, say C
and D, equal to zero, we are left with a matrix of rank
2. This is the case given in Eqs. (7.6) and (7.7). When
three coefficients, say B,C,D,, are zero, the rank of the
matrix Sij is equal to 1.
Consequently, with our ansatz (7.10) we are able to
describe a symmetric skewon of arbitrary rank.
C. Dispersion relation
In order to derive the dispersion relation for the skewon
(7.10), we start with the skewon covector. For the case
of generic gauge, it is given by
Yi = Aki(k, q) +B`i(`, q) + Cmi(m, q) +Dni(n, q) + αqi
(7.13)
We choose the Lorenz-type gauge, (Y, q) = 0 and derive
the value of the parameter α
Yi = A
(k, q)
q2
(
q2ki − (k, q)qi
)
+B
(`, q)
q2
(
q2`i − (`, q)qi
)
+
C
(m, q)
q2
(
q2mi − (m, q)qi
)
+D
(n, q)
q2
(
q2ni − (n, q)qi
)
(7.14)
The square of this covector reads
Y 2 = − 1
q2
[
A(k, q)2+B(`, q)2+C(m, q)2+D(n, q)2
]2
+
2
[
AB(k, q)(`, q)(k, `) +AC(k, q)(m, q)(k,m) +
AD(k, q)(n, q)(k, n) +BC(`, q)(m, q)(`, n) +
BD(`, q)(n, q)(`, n) + CD(m, q)(n, q)(m,n)
]
.
(7.15)
The dispersion relation q4 = Y 2q2 now takes the form
q4 = − [A(k, q)2 +B(`, q)2 + C(m, q)2 +D(n, q)2]2 +
2q2
[
AB(k, q)(`, q)(k, `) +AC(k, q)(m, q)(k,m) +
AD(k, q)(n, q)(k, n) +BC(`, q)(m, q)(`, n) +
BD(`, q)(n, q)(`, n) + CD(m, q)(n, q)(m,n)
]
.
(7.16)
In order to study certain conclusions of these formulas,
we consider some specific examples.
D. Examples
1. Skewon of rank 1
In the case B = C = D = 0, we have a symmetric ske-
won of the lowest rank 1. The dispersion relation (7.16)
takes the form
q4 +A2(k, q)4 = 0 (7.17)
Since both terms in the left hand side are positive, the
unique solution must satisfy
q2 = 0 , (k, q) = 0 (7.18)
Geometrically this is a low dimensional intersection of the
light cone with a 3 dimensional hyperspace. It can be a
point qi = 0 or two second-dimensional lines lying on the
light cone. It is quite doubtful whether some physically
meaningful situation can be attributed to this solution.
2. Diagonal skewon of rank 2
A generic symmetric skewon of rank 2 can be generated
by choosing C = D = 0 in Eq.(7.13). In this case, the
dispersion relation takes the form
q4 = − [A(k, q)2 +B(`, q)2]2 + 2ABq2(k, q)(`, q)(k, `) .
(7.19)
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This relation can be considered as a quadratic equation
relative to the variable q2. In order to have real solutions,
the following inequality must hold
A2B2(k, q)2(`, q)2(k, `)2 ≥ [A(k, q)2 +B(`, q)2]2.
(7.20)
Let us consider, for example, a simplest symmetric ske-
won of rank 2 with two non-zero components
S00 = S11 = A . (7.21)
This skewon is evidently traceless, gijSij = 0. It is con-
venient to proceed now with Yi = Sijq
j , i.e. in a gauge
θ = 0 instead of the Lorenz-type gauge. The skewon
covector takes the form
Yi = (Aω,−Ak1, 0, 0) . (7.22)
We calculate
(Y, q) = A(ω2 + k21) , Y
2 = A2(ω2 − k21) . (7.23)
Thus the dispersion relation in Eq.(5.12) takes the form
q4 −A2(ω2 − k21)q2 +A2(ω2 + k21)2 = 0 . (7.24)
From this equation, we derive that the solution cannot be
null. Moreover, every solution qi = (ω, k1, k2, k3) must
satisfy the inequality |ω| < |k1|. It is with the correspon-
dence with the inequality q2 < 0.
The solution of Eq.(7.24) can be rewritten as
q2 =
A2
2
(
ω2 − k21
)± A
2
√
(A2 − 4) (ω2 − k21)2 − 16ω2k21
(7.25)
Let us analyze the solutions of these equations for differ-
ent values of the skewon parameter.
(1) For A = 0, we have here the non-modified light
cone q2 = 0.
(2) For 0 < |A| ≤ 2 there are no real solutions at all.
(3) For |A| > 2, there are two real solutions.
In Fig. 3 and Fig. 4 we depict the images of these
algebraic cones, We observe that the light cones intersect
only at the origin, thus optic axes absent.
3. Non-diagonal skewon of rank 2
We consider another example of a symmetric skewon
of rank 2 of a non-diagonal type. Let the non-zero com-
ponents of the symmetric traceless matrix Sij be
S01 = S10 = B . (7.26)
We assume the gauge θ = 0, consequently the skewon
covector takes the form Yi = Sijq
j . Its components are
expressed as
Y0 = −Bk1 , Y1 = Bw , Y2 = Y3 = 0 . (7.27)
FIG. 5: Section k3 = 0 of the algebraic cones of the diagonal
rank 2 symmetric skewon (7.24). The parameter A = 4.
w is directed as z-axis, k1, k2 are directed as x and y axes
respectively.
FIG. 6: Section w = 1 of the algebraic cones of the diagonal
rank 2 symmetric skewon (7.24). The parameters A = 4.
k1, k2, k3 are directed as x, y and z axes respectively.
Consequently,
Y 2 = −B2(ω2 − k21) , (Y, q) = −2Bwk1 . (7.28)
The dispersion relation, q4 = q2Y 2−(q, Y )2 now becomes
q4 + q2B2(ω2 − k21) + 4B2ω2k21 = 0 . (7.29)
The solutions of this equation read
q2 = −B
2
2
(ω2 − k21)±
B
2
√
B2(ω2 − k21)2 − 16ω2k21 .
(7.30)
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We observe that this solution exists for an arbitrary value
of the parameter B. This means that the parametric gap
is absent in this model.
In Fig. 5 and Fig. 6, we present the sections light cones
corresponding to (7.29). The cones do not intersect and
thus there are no the optic axes in this case.
FIG. 7: Section k3 = 0 of the algebraic cones of the non-
diagonal rank 2 symmetric skewon (7.24). The parameter
B = 4. The component w is directed as z-axis, k1, k2 are
directed as x and y axes respectively.
FIG. 8: Section w = 1 of the algebraic cones of the non-
diagonal rank 2 symmetric skewon (7.24). The parameters
B = 4. The components k1, k2, k3 are directed as x, y and z
axes respectively.
4. Skewon of rank 3
A generic symmetric skewon of the rank 3 can be de-
rived from Eq.(7.13) by choosing the parameter D = 0.
Instead, we consider a simplest diagonal symmetric trace-
less skewon of rank 3 with three non-zero components
S00 = 2A , S11 = S22 = A . (7.31)
The non-zero components of the skewon covectror are
Y0 = 2Aw, Y1 = −Ak1, Y2 = −Ak2 . (7.32)
Consequently
(Y, q) = A
(
2ω2 + z2
)
, Y 2 = A2
(
4ω2 − z2) , (7.33)
where the notation z2 = k21 + k
2
2 is used. The dispersion
relation taken in the form q4 − q2Y 2 + (Y, q)2 = 0 reads
q4 −A2 (4ω2 − z2) q2 +A2 (2ω2 + z2)2 = 0 . (7.34)
The solution of this biquadratic equation is
q2=
A2
2
(
4ω2− z2)± A
2
√
A2 (4ω2− z2)2− 4 (2ω2 + z2)2 .
(7.35)
Rearranging the terms under the square root we get
q2 =
A2
2
(
4ω2 − z2)± A
2
√
f1(ω, z)f2(ω, z) , (7.36)
where
f1(ω, z) = 4(A− 1)ω2 − (A+ 2)z2, (7.37)
and
f2(ω, z) = 4(A+ 1)ω
2 − (A− 2)z2 . (7.38)
For A = 0, Eq.(7.36) represents the non-modified light
cone q2 = 0.
For 0 < |A| ≤ 1, the term f1(w, z) is non-positive and
the term f2(w, z) is non-negative. Moreover, if one of
these terms vanishes, the unique solution of Eq.(7.34) is
the zero vector qi = 0. Consequently, there are no non-
zero solutions of the dispersion relation in this case.
For 1 < |A| ≤ 2, the discriminant can be positive in
some directions. However, the whole equation does not
have real solutions. This can be easily observed taking
into account the fact that q2 ≤ 0.
5. Skewon of rank 4
In order to complete our analysis, we recall the known
example of the diagonal symmetric skewon of rank 4. In
the form used in [30], the non-zero components of its
matrix Sij read
S00 = 3A , S11 = S22 = S33 = A . (7.39)
We will use the gauge θ = 0, so the skewon covector is
given by Yi = Sijq
j . It has the components (α = 1, 2, 3)
Y0 = 3Aw , Yα = −Akα . (7.40)
Consequently,
Y 2 = A2(9ω2 − k2) , (Y, q) = A(3ω + k2) . (7.41)
The dispersion relation (5.9) now takes the form
ω4 − 2ω2k2 (1− 8A2)+ k4 = 0 . (7.42)
The solutions are
ω2
k2
=
(
1− 8A2)± 4√4A4 −A2 . (7.43)
Consequently we have the following cases:
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FIG. 9: Section k2 = 0 of the algebraic cones of the non-
diagonal rank 2 symmetric skewon (7.24). The parameter
A = 4. The component w is directed as z-axis, k1, k3 are
directed as x and y axes respectively.
FIG. 10: Section w = 0 of the algebraic cones of the non-
diagonal rank 2 symmetric skewon (7.24). The parameter
A = 10. The component k1, k2, k3 are directed as x, y and z
axes respectively.
(1) For |A| = 0, Eq.(7.43) has a unique solution – the
ordinary light cone ω2 = k2.
(2) For 0 < |A| ≤ 1/2, Eq.(7.43) does not have real
solutions at all.
(3) For 1/2 < |A|, the right hand side of Eq.(7.43) is
real and negative. Thus there is no wave propaga-
tion absents also in this case.
Consequently, in the isotropic symmetric skewon model
wave propagation is absent. This already was observed
in [30].
VIII. CONCLUSIONS AND DISCUSSION
In this paper, we study an electromagnetic system with
a generic local linear response. We presented here a new
formalism based on the notion of optic tensor. This ten-
sor completely describes the wave propagation; in partic-
ular, the dispersion relation is represented as the adjoint
of the optic tensor. The decomposition of the optic ten-
sor into symmetric and skew symmetric parts is directly
related to the irreducible decomposition of the constitu-
tive tensor into principle and skewon parts, respectively.
Moreover, we show that the skewon optic tensor is repre-
sented by the skewon covector, which is defined only up
to addition of a term proportional to the wave covector.
Consequently, the Lorenz-type gauge condition is intro-
duced. These notations simplify the dispersion relation
considerably.
We apply the optic tensor formalism to the problem
of wave propagation in media with a pseudo-Riemannian
principle part and a generic skewon part. We proved that
independently of a specific type of the skewon field, the
wave covector in such a medium is necessary space-like
or null.
Special types of the antisymmetric and symmetric ske-
won are considered. For the antisymmetric skewon, the
light cone separates into two light cones – the ordinary
one q2 = 0 and the extraordinary with q2 > 0. This
is a case of birefringence. We derived a degenerate case
where the extraordinary light cone turns into a hyper-
plane. Moreover, for a special magnetic type, the ex-
traordinary light cone has a space-like axis. This behav-
ior can be interpreted as the situation where two cones
are not observable both together, i.e., as absence of the
birefringence phenomenon. For all types of the antisym-
metric skewon, we proved that there are exactly two optic
axes and derive their explicit form.
Using the skewon covector formalism, we studied some
new properties of the symmetric skewon models. In par-
ticular we observed the parametric gap that appears in
most models, but not in all of them. In order to dis-
tinguish the different types of the symmetric skewon we
used the notion of rank of the corresponding matrix. This
way we derived the general vector parametrization of the
symmetric skewon. Dispersion relations for the symmet-
ric skewon models of different rank where derived. We
worked out some specific examples that present different
types of modified light cone structures.
Our analysis shows that a skewon field is able to de-
scribe certain new types of Lorentz violations in electro-
dynamics that are not accounted for in models based on
a modified Lagrangian.
In our opinion, the skewon model provides a rich sub-
ject for algebraical analysis and the physical considera-
tions of the modified light cone structure.
It is straightforward to observe that the unusual fea-
tures of wave propagation in the skewon media are mostly
related to the real skewon. The situation changes cru-
cially when we turn to an imaginary skewon field. Such
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a case might be even more relevant in the problems of
crystal physics. The corresponding treatment will be pre-
sented in a separate publication.
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Appendix A: Calculation of the second adjoint
For an arbitrary matrix M ij , the second adjoint is de-
fined as
Bijkl =
1
2!
εijmnεklrsM
mrMns . (A1)
Let us calculate this expression in the term of the skewon
optic covector. Substituting (3.21) into (A1) we write it
as
Bijkl(Q) =
1
2!
(
εijmnε
mrabqaYb
) ·(εklrsεnscdqcYd) . (A2)
Using the standard formulas for the product of two per-
mutation tensors we have
εijmnε
mrabqaYb =
∣∣∣∣∣∣
δri δ
a
i δ
b
i
δrj δ
a
j δ
b
j
δrn δ
a
n δ
b
n
∣∣∣∣∣∣ qaYb =
∣∣∣∣∣∣
δri qi Yi
δrj qj Yj
δrn qn Yn
∣∣∣∣∣∣ .
(A3)
Similarly,
εklrsε
nscdqcYd =
∣∣∣∣∣∣
δnk δ
c
k δ
d
k
δnl δ
c
l δ
d
l
δnr δ
c
r δ
d
r
∣∣∣∣∣∣ qcYd =
∣∣∣∣∣∣
δri qk Yk
δrj ql Yl
δrn qr Yr
∣∣∣∣∣∣ .
(A4)
Thus
Bijkl =
1
2
∣∣∣∣∣∣
δri qi Yi
δrj qj Yj
δrn qn Yn
∣∣∣∣∣∣ ·
∣∣∣∣∣∣
δri qk Yk
δrj ql Yl
δrn qr Yr
∣∣∣∣∣∣ (A5)
Expanding the third order determinants we have
Bijkl =
1
2
(
δri
∣∣∣∣ qj Yjqn Yn
∣∣∣∣− δrj ∣∣∣∣ qi Yiqn Yn
∣∣∣∣+ δrn ∣∣∣∣ qi Yiqj Yj
∣∣∣∣)
·
(
δnk
∣∣∣∣ ql Ylqr Yr
∣∣∣∣− δnl ∣∣∣∣ qk Ykqr Yr
∣∣∣∣+ δnr ∣∣∣∣ qk Ykql Yl
∣∣∣∣)
(A6)
Term by term multiplication yields
Bijkl =
∣∣∣∣ qj Yjqk Yk
∣∣∣∣ ∣∣∣∣ ql Ylqi Yi
∣∣∣∣− ∣∣∣∣ qj Yjql Yl
∣∣∣∣ ∣∣∣∣ qk Ykqi Yi
∣∣∣∣
= (qjYk − qkYj)(qlYi − qiYl)−
(qjYl − qlYj)(qkYi − qiYk)
= (qiYj − qjYi)(qkYl − qlYk) . (A7)
Expanding these expressions we come to a compact for-
mula
Bijkl = (qiYj − qjYi)(qkYl − qlYk) . (A8)
It can be also written in matrix form
Bijkl =
∣∣∣∣ qi Yiqj Yj
∣∣∣∣ ∣∣∣∣ qk Ykql Yl
∣∣∣∣ . (A9)
Note that the symmetry properties
Bijkl = −Bjikl = −Bklij (A10)
and also
Bijkl = Bklij (A11)
evidently hold for these representations.
Appendix B: Proof of Proposition 1
It is useful to involve the second adjoint notion. For
a square matrix M , the second adjoint (2)adj(M) is de-
fined by removing two rows and two columns. So it is
represented as a 4-th order tensor
Bijkl =
1
2!
εijmnεklrsM
mrMns . (B1)
Evidently,
Bijkl = −Bjikl = −Bklij . (B2)
For a symmetric or a skew-symmetric matrix M , but not
for a generic matrix,
Bijkl = Bklij . (B3)
In term of the second adjoint, the dispersion relation
(4.11) takes the form
Aik(P ) +Bijkl(Q)P
jl = 0 , (B4)
In our formalism, the skewon contribution to the disper-
sion relation is completely represented by the second term
of (B4). Let us calculate this expression in the term of
the skewon optic covector. Substituting (3.21) into (B1)
we have
Bijkl(Q) =
1
2!
εijmnεklrsε
mrabεnscdqaqcYbYd . (B5)
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Using the standard formulas for the product of permuta-
tion tensors, we calculate
εijmnε
mrabqaYb =
∣∣∣∣∣∣
δri qi Yi
δrj qj Yj
δrn qn Yn
∣∣∣∣∣∣ . (B6)
Consequently,
Bijkl(Q) =
1
2!
∣∣∣∣∣∣
δri qi Yi
δrj qj Yj
δrn qn Yn
∣∣∣∣∣∣ ·
∣∣∣∣∣∣
δnk qk Yk
δnl ql Yl
δnr qr Yr
∣∣∣∣∣∣ . (B7)
Evaluating the determinants we obtain a compact for-
mula
Bijkl(Q) =
∣∣∣∣ qi Yiqj Yj
∣∣∣∣ · ∣∣∣∣ qk Ykql Yl
∣∣∣∣ . (B8)
Consequently, the contribution of the skewon part into
the dispersion relation is given by
P jlBijkl(Q) = P
jl
∣∣∣∣ qi Yiqj Yj
∣∣∣∣ · ∣∣∣∣ qk Ykql Yl
∣∣∣∣
= qiqk
(
P jlYjYl
)
. (B9)
Observe that this expression is given by a scalar multi-
plied by qiqk. It is in a correspondence with (4.5). Thus
we proved Proposition 1.
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